Abstract. In a general model for square-wave bursting oscillations, we examine the fast transition between the slowly varying quiescent and active phases. In this type of bursting, the transition occurs at a saddle-node (SN) bifurcation point of the fast-variable subsystem when the slow variable is taken to be the bifurcation parameter. A critical case occurs when the SN bifurcation point is also a steady solution of the full bursting system. In this case near the bursting threshold, the transition suffers a large delay. We propose a first investigation of this critical case that has been noted accidentally but never explored. We present an asymptotic analysis local to the SN point of the fast subsystem and quantitatively describe the slow passage near the SN point underlying the transition delay. Our analysis reveals that bursting solutions showing the longest delays and, correspondingly, the bursting threshold appear near but not exactly at the SN point, as is commonly assumed.
Introduction.
Bursting oscillations are a periodic behavior characterized by a quiescent phase followed by an active phase of rapid oscillatory spiking. Figure  1 (A) shows a typical time trace of a square-wave [16] bursting system. In this case, the variable v, which may represent voltage or chemical concentration, for example, displays a sequence of fast spiking that ends abruptly and is followed by steady monotonic increase. In many neurons and endocrine cells, the primary electrical activity is in the form of bursting oscillations and is often correlated to other cell functions (see [3] for a review). For example, in response to glucose, the membrane voltage of pancreatic β-cells displays bursting oscillations which coincide with the release of insulin. A measure of the insulin released is determined by the ratio of the duration of the active phase to the entire burst period, called the plateau fraction.
A general mathematical model that displays square-wave bursting oscillations has the following form:
where β is an adjustable parameter. In a neuron or β-cell model, the variable v would represent membrane voltage and w would describe the activation of an ionic membrane conductance. In bursting models, the parameter is usually small, i.e., 1, reflecting, for example, a slowly varying, intracellular, calcium concentration represented by the variable c.
Rinzel [12] analyzed bursting by separately considering the fast behavior of the (v, w) subsystem as it is modulated by the slowly changing parameter c. The bursting trajectory can then be understood by superimposing it on the bifurcation diagram of the fast subsystem, where the variable c acts as the bifurcation parameter. Figure  1 (B) shows such a bifurcation diagram for the Hindmarsh-Rose model exhibiting square-wave bursting [8, 15] (see section 3 for the equations). The alternation of the active and quiescent phases during the burst oscillation reflects a switching between steady and periodic states of the (v, w) subsystem in response to slow changes in c. We can trace the movement of the variable c by noting the position of the trajectory relative to the nullcline of the c equation (defined by dc dt = 0 and shown by the thin solid line in the figure). When the trajectory is below the c-nullcline, dc dt < 0 and the trajectory moves leftward along the steady-state solution branch. This portion of the trajectory represents the quiescent or silent phase. The trajectory leaves the steady-state branch at the limit point, or saddle-node (SN) bifurcation, and jumps to a stable oscillatory branch. Now, dc dt > 0 and c changes direction, starting to increase. The trajectory continues to oscillate, during this active phase, until c crosses through the SNIC (saddle-node on an invariant circle) bifurcation and the trajectory returns to the steady-state branch.
Rinzel [13] presented a classification of types of bursting based on the phenomenology of the oscillations and the topology of the solution structure of the fast subsystem. Recently, Bertram et al. [3] elaborated on this classification to include newer bursting models that didn't seem to fit into the original scheme. They outlined five main types of bursting. Three of these types of bursting, types Ia, Ib, and IV, are square-wave as determined by the topological structure of the fast subsystem: the steady-state solution branch is Z-shaped and there is bistability of steady and oscillatory states. In each of these types, the active phase is initiated at an SN point. The bursting example of the Hindmarsh-Rose model in Fig. 1 is type Ia and the SN bifurcation occurs at (c f , v f ).
A method of analysis for the bursting solution is suggested by its orbit in the fast subsystem (v, c) phase plane. Separate approximations for the slowly varying steady state (quiescent phase) and the slowly varying rapid oscillations (active phase) are obtained by standard averaging techniques (for example, [7, 11] ) and provide a general description of the bursting orbit. In this analysis, the fast transitions between quiescent and active phases which occur near the SN or SNIC bifurcations are ignored. Mathematical studies of simple slow passages through bifurcation and limit points have shown, however, that these transitions do not appear right at the SN or SNIC critical points but are delayed [5, 6, 9, 10] . This delay is visible near the SN point in Fig. 2(B) . In general, the delay of the fast transition is a small quantity proportional to a fractional power of . But there exist cases where the fast transition between slowly varying regimes may suffer a large delay. These cases have been noted accidentally in the extensive studies of bursting regimes but have never been explored. We propose a first investigation of one of these critical cases by considering the transition near an SN bifurcation (such as the limit point (c f , v f ) in Fig. 2(B) . Of particular mathematical interest is the fact that the anomalous transition is captured by a local analysis and is not limited to a specific model problem.
A critical case of a large delay in the transition from the quiescent phase to the active phase at an SN bifurcation appears when the SN point is also a steadystate solution of the full bursting system. The steady solution of the three-variable bursting system is illustrated in Fig. 1(B) by the intersection of the steady solution curve of the (v, w) subsystem and the c-nullcline. In our general bursting model (1), the parameter β controls the value of this steady solution. For the value of β in Fig. 1(B) , the steady solution is unstable and bursting is observed. As β approaches the critical value β f , the steady solution approaches the SN point at (v f , w f , c f ). A critical case when β ∼ β f and the steady solution is near (v f , w f , c f ) is shown in Fig. 2 . In the time trace in Fig. 2(A) , the silent phase is longer and the active phase is shorter than in the noncritical case ( Fig. 1(A) ). When the trajectory is viewed on the bifurcation diagram of the fast subsystem ( Fig. 2(B) ), we observe that the initiation of the active phase is delayed by a critical slowing down near the SN point. Furthermore, in contrast to the noncritical case, the trajectory remains attracted to the steady solution branch well after it has become unstable. When β > β f , the c-nullcline intersects the stable portion of the (v, w) steady solution curve and the full system has a stable steady solution there. Thus, a threshold for bursting is near β = β f .
In this paper, we study the delayed transition between the quiescent phase and the active phase at an SN bifurcation in the critical case near bursting threshold. We present an asymptotic analysis local to the SN point of the (v, w) subsystem and quantitatively describe the slow passage of the trajectory near the SN. This analysis suggests, contrary to common assumption [1, 11] , that the bursting threshold does not occur at β = β f , that is, when the c-nullcline intersects the (v, w) steady solution curve exactly at the SN bifurcation point. Rather, our analytical results suggest and our numerical computations confirm that the bursting threshold occurs for β < β f , when the c-nullcline intersects the unstable portion of the (v, w) steady solution curve. We also estimate the escape point when the trajectory jumps from the unstable solution curve initiating the active phase and show that this escape point is sensitively dependent to very small changes in the parameter β.
The critical point (v f , w f , c f , β f ) is a threshold for two different behaviors: (1) in the (v, w) subsystem it marks a steady SN bifurcation, and (2) in the full system it is a bifurcation from steady to periodic (bursting) behavior. Our asymptotic analysis is motivated by the classical analyses of these two near-threshold situations. In particular, our analysis draws from the slow passage analysis through a saddle-node of steady solutions in algebraic systems [6, 9] and from the analysis of relaxation oscillatory behavior near a subcritical Hopf bifurcation [2] . Additionally, the critical behavior near the SN is related to canard trajectories appearing in relaxation oscillators [4] .
The plan of the paper is as follows: In section 2, we present our asymptotic analysis for the general bursting model (1) near the bursting threshold. Then, in section 3, we compare the results of our analysis with numerical solutions of bursting in the Hindmarsh-Rose model and obtain excellent agreement. 2. Near-threshold bursting. We consider the general bursting model (1) and develop a local analysis near the threshold for bursting, i.e., near
is an SN bifurcation of the steady solution of the fast subsystem satisfying the conditions
where subscripts indicate partial derivatives and all functions are evaluated at (v f , w f , c f ). The conditions (3) for an SN bifurcation are obtained from the linear stability of the steady solution given by (2) . These conditions are actually satisfied by both SN points of the Z-shaped steady solution curve, but we consider the particular SN that terminates the quiescent phase of the bursting trajectory. A critical case is when (v f , w f , c f ) is also a steady-state solution of the full three-variable system. This case occurs for a particular value of β = β f defined by
2.1. Slow passage near the SN bifurcation point. We propose a local analysis near the critical point (v f , w f , c f , β f ) by introducing the new dependent variables (V, W, C) and parameter λ defined by
where the slow time variable T is given by
These scalings are motivated by the well-developed asymptotic analysis of the slow passage through a SN point in algebraic systems [6, 9] . These new variables (V, W, C) and the parameter λ are O(1) quantities which we expand in powers of 1/2 , specifically x = x 0 + 1/2 x 1 + O( ) for x = V, W, C and λ. Substituting (5) into (1) and using the chain rule d/dt = ∂/∂t + 1/2 ∂/∂T , we obtain the following leading-order problem:
where L is a linear-matrix operator. Using condition (3), we obtain the solution for (V 0 , W 0 , C 0 ), 
To ensure only bounded solutions to (9), we require that A 0 (T ) and B 0 (T ) satisfy certain conditions. In particular, to determine A 0 the inhomogeneous terms of the V 1 and W 1 equations, R, must satisfy
where
is the solution to the adjoint problem of the (V 1 , W 1 ) subsystem. To determine B 0 , we use the scalar version of (10) with V * = 1 and R equal to the inhomogeneous term of the C 1 equation. The resulting conditions on the slow variables A 0 (T ) and B 0 (T ) are
gv . The coefficients F 1 , G 1 , and H 1 , along with all future coefficients not explicitly stated, are contained in the appendix. The solution for the correction terms (V 1 , W 1 , C 1 ) is then
To determine the correction terms, A 1 and B 1 , for the slow variables, we need to examine the O( ) problem. We find the following equations for (V 2 , W 2 , C 2 ):
The requirement for bounded solutions determines the following conditions that A 1 and B 1 must satisfy:
In the next section we analyze the slow behavior described by (11) and (15).
Normal form of the evolution equations.
In this section, we construct and analyze the normal form of the conditions describing the slow amplitudes A i and B i , valid to O( ). Using (11), we substitute expressions for A 0T and B 0T into conditions (15) for A 1 and B 1 . Then, letting A = A 0 + 1/2 A 1 + O( ), B = B 0 + 1/2 B 1 +O( ), and λ = λ 0 + 1/2 λ 1 +O( ), we obtain the following evolution equations for A and B:
We now examine the solutions of (16) in the (A, B) plane. This analysis is similar to both Baer and Erneux's [2] analysis of the evolution equations for local behavior near a singular Hopf bifurcation and Eckhaus's [4] investigation of canard trajectories in relaxation oscillation problems.
As a first approximation, we set = 0 in (16) and divide the resulting equations to obtain
We are interested in trajectories of this equation corresponding to the transition from the silent phase to the active phase in a bursting trajectory. During the silent phase, the bursting solution follows the steady-state branch in the (v, c) plane until it reaches the vicinity of the SN bifurcation point. This implies that the transition solution, described by (16) , must satisfy the matching condition
We get a preliminary idea of the qualitative behavior of this transition trajectory by considering two limiting cases of (17) 
In this limit of small λ, the trajectory remains near the slow manifold B = − a2 a1 A 2 for long time. More precisely, the trajectory follows the slow manifold past the limit point and does not escape, suggesting an arbitrarily long delay in the initiation of the active phase in a bursting solution.
A more detailed analysis of (16) for λ → 0 shows that (19) is a separatrix solution of (16) that separates bounded and unbounded solutions. The unbounded solutions represent the initiation of the active phase during typical bursting, and the bounded solutions represent the decay to the stable steady state in nonbursting solutions. Delayed bursting solutions, as shown in Fig. 2(B) , tend to remain near this separatrix curve passing the limit point before quickly jumping to initiate the active phase. To understand this behavior, we now examine the trajectories near the separatrix in detail.
Near the separatrix.
We examine trajectories near the separatrix by defining a variable Θ(A) which measures the deviation from the separatrix as follows:
We also consider β very close to criticality by taking λ small. In particular, we let λ = 1/2 λ, which means that β = β f + λ. Taking the ratio of the two equations (16) and introducing (20), we obtain the following equation for Θ(A):
Equation (21) 
we can rewrite (23) as
We then see that the trajectory leaves the separatrix when A = A c = K, or
Note that we require |λ − λ c | < 1 for this expression to be valid.
To summarize this result, for λ close to but slightly less than λ c the trajectory remains near the separatrix, passing the limit point, until A = A c . Then, Θ grows exponentially large as described by (25) indicating that the trajectory is leaving the vicinity of the separatrix; this is an outer limit of the transition region. We note that the value of A c is extremely sensitive to deviations ofλ from λ c . In the (v, c) plane, the exponential growth of Θ describes the delayed bursting trajectory as it quickly escapes from the steady-state branch at a point v c = v f + 1/2 A c to initiate the active phase. In addition, there is a singular limit in the transition region when λ → λ c and A c → ∞. In this case, the trajectory remains along the separatrix for all time, suggesting an infinite delay in the initiation of the active phase in a burst trajectory. This singular limit indicates a breakdown of our local analysis and does not determine the delay in the full problem. It does suggest, however, that we may expect largest delays when β is close to β f + λ c < β f . Furthermore, since delays increase as the bursting threshold is approached, this result also suggests that the threshold occurs for β < β f . We note that as → 0 this critical value of β approaches β f , the commonly assumed bursting threshold [1, 11] . In the next section, we compare our analytical results with numerical bursting solutions of the Hindmarsh-Rose model and find that β f + λ c is a good estimate of the β values giving steady bursting with the longest delays.
3. The Hindmarsh-Rose model. We now illustrate the analytical results of the previous section with the polynomial Hindmarsh-Rose model [8, 15] . A generalization of this model exhibits all three types of bursting appropriate for our analysis, namely, types Ia, Ib, and IV, but, for simplicity, we will concentrate on type Ia bursting as shown in Figs. 1 and 2 . The form of the Hindmarsh-Rose model displaying type Ia bursting is as follows:
We consider the behavior of the model near the critical point
The bursting trajectory local to this critical point is described by
where A(T ) and B(T ) satisfy (16) . Table 1 contains the coefficients in equations (16) for the Hindmarsh-Rose model. Figure 3 compares the numerical solution of the approximate transition equations (16) with the numerical solution of the full bursting system (27) for = 0.001. Both trajectories are obtained with the same value of β near β f : the full bursting system is solved with β = β n = 5.146168, and the transition problem is solved with λ n = −1/2 (β n − β f ). The approximate transition solution and the exact trajectory show very good agreement in the vicinity of the limit point. Furthermore, it is clear that both approximate and exact trajectories remain very close to the analytical separatrix defined by (19).
The numerical bursting solution obtained with β = β n shows the longest delay of active phase initiation. Our analytical estimate of β n is β c = β f + λ c = 5.146169 for the Hindmarsh-Rose model with = 0.001. In first approximation, then, β c is a very good estimate of β n since
The value β n is also the largest value of β such that the full system (1) shows stable bursting numerically; thus β c is also a reasonable estimate for the bursting threshold. 4. Discussion. In summary, we have investigated the transition between the silent and active phases in square-wave bursting where this transition occurs at an SN bifurcation point. We considered the critical case when the SN point is a steadystate solution of the full bursting system. Near this critical case, a large delay occurs in the initiation of the active phase. Our main contribution is the reduction of a general square-wave bursting model to a set of two equations describing the transition and the delay. We find that the length of the delay is sensitively dependent on small variations in parameters. Analysis of the reduced equations reveals that the longest delays and, correspondingly, the bursting threshold do not occur exactly at the SN point. Our higher-order analysis determines that the steady-state solution of the full bursting system remains stable when it occurs at the SN point and loses stability in an O( ) neighborhood of the SN.
In this paper, we consider a general model for square-wave bursting consisting of two fast variables and one slow variable. Most bursting models, however, involve more than three variables. For example, the fast subsystem may contain three variables, or there may be more than one slow variable (see [3] for examples). We expect that bursting models in which the silent phase terminates by a passage near a nondegenerate SN bifurcation point would exhibit delayed bursting similar to the case examined here. In addition, we expect that the local behavior in the delayed regime would be described by normal form equations similar to (16) . The difficulty in extending our analysis to other models would be in determining the appropriate reduction of the full model to the normal form.
A characteristic of delayed square-wave bursting is that the trajectory remains attracted to an unstable portion of the slow manifold. Fig. 2(B) shows the projection of the trajectory and the slow manifold in the (v, c) plane. However, this behavior of the trajectory also occurs in the full, three-dimensional (v, w, c) phase space. In this space, the curve of steady-state solutions is S-shaped such that for constant c in some range of values there are three equilibria. The transition from the silent phase to the active phase of a delayed burst occurs as the trajectory passes near a knee in this curve and transiently tracks along the curve of saddle equilibria. In a different critical parameter region, square-wave bursting trajectories track along a higher portion of the saddle equilibria curve during the active phase. Terman [14] investigated the case where the number of fast spikes during the active phase of a burst increases by one. During this transition, the burst trajectory travels along a portion of the saddle equilibria curve between the two knees such that a plateau is observed during the active phase.
An important property of bursting oscillations is the plateau fraction, or the ratio of the active phase duration to the entire burst period. In a model of bursting pancreatic β-cells, Pernarowski, Miura, and Kevorkian [11] determined the dependence of the plateau fraction on the parameter equivalent to β in our general model. They showed that as β approaches the critical value β f , the plateau fraction decreases to a nonzero value. An extension of this paper would be to determine the plateau fraction near β = β f in light of our analysis. Near this critical value of β, our results would provide a more precise description of the decrease in the plateau fraction caused by the increased silent phase duration in delayed bursting solutions. Specifically, Pernarowski, Miura, and Kevorkian approximate the plateau fraction by integrating asymptotically determined expressions that describe the burst trajectory during the silent and active phases (see equation (4.40) in [11] ). One of the limits of these integrals is the SN bifurcation point at (v f , c f ). Based on our results, these limits can now be replaced by the more precise values 
The coefficients for (12) are
